We report a calculation of all two-loop QED corrections with closed fermion loops for the n = 1 and n = 2 states of H-like ions and for a wide range of the nuclear charge numbers Z = 1 − 100. The calculation is performed to all orders in the binding-strength parameter Zα, with the exception that in a few cases the free-loop approximation is employed in the treatment of the fermion loops. Detailed comparison is made with previous Zα-expansion calculations and the higher-order remainder term to order α 2 (Zα) 6 is identified.
Introduction
Highly charged ions are often considered as the ideal testing ground for investigating the strong-field regime of bound-state quantum electrodynamics (QED). They feature a strong static Coulomb field of the nucleus and have a simple electronic structure, which can be accurately determined in ab initio theoretical calculations. In this respect, the ultimate investigation object is the H-like uranium, the heaviest naturally occurring element. Measurements of the 1s Lamb shift in H-like uranium have progressed drastically during last decades [1, 2] , having achieved an accuracy of 4.6 eV [3] , which corresponds to a fractional error of 1.7% with respect to the total QED contribution. Further advance anticipated in the future will make such experiments sensitive to the twoloop QED effects.
Even higher precision is achieved for heavy Li-like ions. Measurements of the 2p 1/2,3/2 -2s transition energies [4, 5, 6, 7, 8] have lately reached a fractional accuracy of 0.03% with respect to the total QED contribution. This corresponds to a 10% sensitivity of the experimental results to the two-loop QED effects. These measurements provide an excellent possibility for the identification of the two-loop Lamb shift and for testing the bound-state QED up to second order in α in the strong-field regime (α is the fine-structure constant). Theoretical description of Li-like ions is more complicated than that of H-like ions, which is due to the presence of additional electrons. For heavy systems, the electron-electron interaction is weak (as compared to the electron-nucleus interaction) and can be successfully treated by perturbation theory. Ab initio calculational results for the effects of the electron correlation and the screening of one-loop QED corrections are already available for Li-like ions [9, 10] ; their accuracy is sufficient for identification of the two-loop QED effects.
The detailed theoretical understanding of the two-loop QED effects is also necessary for the interpretation of high-precision experimental data in the low-Z region. The most prominent example here is hydrogen. Its spectroscopy can nowadays be realized with a relative accuracy on the level of 10 −14 [11, 12] . The theoretical understanding of the 1s and 2s Lamb shift in hydrogen is still limited, to a large extent, by the two-loop QED effects [13] .
The subject of our present interest is the set of the twoloop QED corrections (also referred to as the two-loop Lamb shift), graphically represented in Fig. 1 . These corrections have been intensively investigated within the perturbative expansion in the binding-strength parameter Zα [14, 15, 16, 17] (Z is the nuclear charge number). The results of these studies, however, do not provide reliable information about the magnitude of the two-loop Lamb shift in heavy ions, where the parameter Zα approaches unity. A non-perturbative (in Zα) evaluation of the whole set of the two-loop diagrams is needed for the interpretation of experimental results available in the middle-and high-Z region.
Numerical all-order calculations of the two-loop corrections started in late 1980s [18, 19, 20, 21, 22, 23] and dealt with the diagrams with the closed fermion loops [ Fig. 1(d)-(k) ]. An evaluation of the three remaining diagrams [ Fig. 1(a) -(c)], referred to as the two-loop selfenergy diagrams, turned out to require considerable efforts. It was accomplished in a series of investigations [24, 25, 26, 27, 28, 29, 30, 31] for the nuclear charge numbers Z ≥ 10 for the ground state and Z ≥ 60 for the n = 2 states.
The goal of this work is to perform a detailed investigation of all two-loop diagrams with the closed fermion loops [ Fig. 1(d) -(k)], extending previous evaluations to cover the whole region of the nuclear charge numbers Z = 1 − 100 and all n = 1 and n = 2 states. The first results of our calculation were presented in Ref. [31] . At present, our intention is to achieve high numerical accuracy in the low-Z region. This will allow us to make a detailed comparison with the perturbative calculations and to isolate the non-perturbative remainder to order α 2 (Zα) 6 , which is of experimental interest for hydrogen. Our calculation will be performed to all orders in the binding-strength parameter Zα, but an approximation will be made in the treatment of the fermion loops in the diagrams in Fig. 1(h)-(k) . This approximation, referred to as the free-loop one, consists in keeping the leading nonvanishing term of the expansion of the fermion loop in terms of the binding potential. In the one-loop case, it corresponds to the Uehling potential and yields the dominant contribution even for high-Z ions. To perform a non-perturbative calculation of the diagrams in Fig. 1(h) -(k) without the free-loop approximation is a difficult and a so far unsolved problem.
The paper is organized as follows. In Section I, we describe our approach to the evaluation of the one-loop self-energy and vacuum-polarization corrections, which is used as a basis for treatment of the two-loop corrections. In Section II, we discuss the evaluation of individual twoloop corrections with closed fermion loops, present our numerical results, and compare them with the data obtained within the perturbative Zα-expansion approach. In Section III, we summarize our results.
The relativistic units ( = c = 1) are used in this paper.
I. ONE-LOOP QED CORRECTIONS
We start with presenting some basic formulas for the first-order self-energy and vacuum-polarization corrections that will be needed below in addressing the twoloop corrections.
Two-loop one-electron QED corrections. Gaugeinvariant subsets are referred to as SESE (a-c), SEVP (d-f), VPVP (g-i), and S(VP)E (k).
A. Self-energy
The one-loop self-energy (SE) correction to the Lamb shift can be represented as a matrix element of the renormalized SE operator Σ R ,
where Σ R = Σ − δm, δm is the one-loop mass counterterm, ε a is the energy of the reference state, Σ is the unrenormalized SE operator,
, and x 12 = x 1 − x 2 . It is assumed that the above expressions are regularized in a covariant way and that the limit that removes the regularization is properly approached.
In order to facilitate the numerical evaluation of the above expressions, one needs to explicitly eliminate divergences from the SE operator. A popular method of doing this [32] is based on the expansion of the SE operator in terms the binding field,
where the superscript (i), i = 0, 1 indicates the total number of interactions with the binding Coulomb field and the index (2+) labels the term generated by ≥ 2 such interactions. Only the first two terms of the expansion are divergent; all divergences can be shown to vanish in the difference Σ − δm. The divergent parts are regularized by working in an extended number of dimensions and evaluated in momentum space, see Ref. [33] for details. We mention that the first-order expansion term Σ (1) is usually represented as a product of the time component of the standard vertex operator Γ α (p 1 , p 2 ) and the Coulomb potential V C ,
The energy shifts induced by (the final parts of) the three terms in the right-hand-side of Eq. (3) are referred to as the zero-, one-, and many-potential terms, respectively:
where
∆E
(1) SE = dp 1 dp
where In the extended number of dimensions, D = 4 − 2ǫ, the free SE operator Σ (0) is given by
where p / = p ν γ ν and µ is the auxiliary mass parameter introduced in order to keep the proper dimension of the interaction term in the Lagrangian. The momentum integration in Eq. (9) is simple; it is described, e.g., in Appendix A of Ref. [28] . Omitting terms of order ǫ and higher, one obtains
R in Eq. (6) is the finite part of the right-hand-side of Eq. (10) when ǫ approaches zero.
The free vertex operator Γ α is
The momentum integration is performed by using the standard technique (see, e.g., Appendix A of Ref. [28] ). Omitting terms of order ǫ and higher, one obtains
The operator Γ α R in Eq. (6) is the finite part of the righthand-side of Eq. (12) when ǫ approaches zero.
Out of the three terms in Eq. (5), the third one [∆E (2+) SE ] is the most difficult to evaluate numerically. To a large extent, this is due to the partial-wave expansion that inevitably appears in the evaluation of the function G (2+) . The convergence of this expansion is rather good for the ground state of high-Z ions (provided that radial integrations are carried out first), but quickly worsens when Z is decreased and(or) the principal quantum number n is increased. An approach to overcome this difficulty was suggested in Ref. [34] . It is based on the separation of the ≥ 2-potential Green function G (2+) into two parts,
yields an approximation to G (2+) in the region where x 1 ≈ x 2 and the energy argument is far away from a pole. This separation is related to the one used in Ref. [35] for the identification of ultraviolet divergent parts of the SE operator in coordinate space. The function G (2+) a is given by
where G (0) is the free Dirac Green function and Ω = 2Zα/(x 1 + x 2 ). The function G (2+) a has two important properties: (i) it can be easily expressed both in the closed form and in the partial-wave expansion form and (ii) it depends on angular variables through x 12 = x 1 −x 2 only. These features ensure that the numerical evaluation of expressions with G (2+) a is rather simple. The main reason to introduce the auxiliary function G (2+) a is that the separation (13) improves the convergence of the partialwave expansion. It was demonstrated in Ref. [34] that the substitution of the difference
into (the high-energy part of) Eq. (8) improves the convergence of the partial-wave expansion drastically and allows one to obtain reasonably accurate results for the SE correction at Z = 1 with employing just about 30 partial waves. This approach was extensively used in the present work for the evaluation of the two-loop corrections. Its usage allowed us to obtain accurate numerical results for the whole region of the nuclear charge numbers Z = 1 − 100 in calculations of the diagrams in Fig. 1 
(d)-(f) and (k).

B. Vacuum-polarization
The one-loop vacuum-polarization (VP) potential consists of two parts, which are commonly referred to as the Uehling and the Wichmann-Kroll ones, see the review [36] for details,
The expression for the Uehling potential is given by
and the nuclear-charge density ρ(r) is spherically symmetric and normalized by the condition dr ρ(r) = 1. The Wichmann-Kroll potential is conveniently expressed in terms of the VP charge density ρ
where r > = max(r, r ′ ). The VP charge density can be written as
denotes the radial part of the electron propagator that contains three and more interactions with the binding Coulomb field and κ is the relativistic angular quantum number. It was shown [37, 38] that no spurious terms arise in a numerical evaluation of Eq. (19) if the expansion over κ is terminated by a finite cutoff parameter.
According to the Furry theorem, all parts of the electron propagator that contain an even number of interactions with the binding field yield a vanishing contribution to the VP charge density. Thus, in numerical evaluations, the function G
, which is conveniently expressed as
where G κ is the radial part of the bound-electron propagator, G
κ is the radial part of the free electron propagator, and V (z) is the binding potential.
Formulas (16)- (20) were employed for the numerical evaluation of the one-loop VP potential in this work, using the numerical procedure developed in Refs. [38, 39] . The Uehling potential was calculated with the Fermi model of the nuclear-charge distribution, whereas for the Wichmann-Kroll potential, the spherical shell model [ρ(r) ∝ δ(r − R)] was employed. The summation over κ in Eq. (19) was extended up to |κ max | = 10.
We mention that in the case when high numerical accuracy is not needed and the finite nuclear size correction may be disregarded, the Wichmann-Kroll potential can be conveniently evaluated by employing analytical approximation formulas reported in Ref. [40] .
II. TWO-LOOP QED CORRECTIONS
The two-loop contributions to the energy shift are conveniently represented in terms of the dimensionless function F (Zα) defined by
where n is the principal quantum number.
A. Self-energy in the Coulomb potential modified by the vacuum polarization
We start our consideration of the two-loop corrections with the set of the three diagrams in Fig. 1(d)-(f) . This set is gauge invariant and can be regarded as the oneloop SE correction in the combined field of the nuclear Coulomb and the VP potential. The corresponding energy shift will be referred to as the SEVP correction in the following.
Formal expressions for the SEVP correction can be obtained by considering the first-order perturbation of the one-loop SE correction by the VP potential (15) . Perturbations of the reference-state wave function, the binding energy, and the electron propagator give rise to the irreducible, the reducible, and the vertex contributions, respectively. The irreducible part is
where Σ R is the renormalized SE operator, and |δa is the first-order perturbation of the reference-state wave function |a by U VP . The reducible part is given by
and the vertex part is
where the summation over n 1,2 goes over the Dirac spectrum, and the virtual-state energies are assumed to have a small imaginary addition, ε n → ε n (1 − i0).
The problem of calculating the SE correction in the presence of the perturbing potential has been extensively studied in the literature, see, e.g., Ref. [41, 42, 43, 44] . In this work, we employ the general scheme developed in our previous study [45] for the case of the SE correction to the hyperfine splitting. Several modifications were introduced into the scheme, among them the inclusion of the finite nuclear size effect. This modification was essential, firstly, because the effect is significantly enhanced by the singular behavior of the VP potential and, secondly, because the extended nuclear charge distribution removes the logarithmic singularity of the point-nucleus Uehling potential, which simplifies numerical integrations considerably. Even with the extended nuclear size, the usage of extremely fine grids was required in the nuclear region, in order to achieve a high controllable accuracy in radial integrations.
In actual calculations, the Fermi model of the nuclearcharge distribution was employed for the evaluation of the reference-state wave function and the Uehling potential, whereas the electron propagator(s) inside the SE loop and the Wichmann-Kroll potential were calculated with the spherical shell model [ρ(r) ∝ δ(r − R)]. For systems with Z < 10, we neglected the nuclear-size dependence in the electron propagators. The values of the root-mean-square (rms) radii of the nuclear-charge distribution were taken from Ref. [46] in most cases. For uranium, we used the value r 2 1/2 = 5.8569 (33) fm obtained in the recent re-evaluation of experimental data [47] . In the case of fermium (Z = 100), there is no experimental results available, so we used the interpolation formula from Ref. [48] and assigned a (conventional) uncertainty of 1% to the resulting value. The rms radii used in the present investigation are listed in second column of Table I .
The calculational results for the SEVP correction for the 1s, 2s, 2p 1/2 , and 2p 3/2 states of H-like ions are presented in Table I , expressed in terms of the function F (Zα) defined by Eq. (21). Our results are in good agreement with the values reported previously for uranium, lead, and ytterbium in Ref. [20] . The uncertainty specified in the table includes the numerical error and the estimated errors due to the models of the nuclear charge distribution and due to uncertainties of the rms radii. The model dependence of the results was estimated by switching between the Fermi, the uniform, and the spherical-shell models in evaluations of the Uehling potential and the wave functions; the largest deviation was taken as the error due to the nuclear model. The error due to the uncertainty of the nuclear radius was obtained by repeating the calculations with the rms radii varied within the error bars specified in the table. All three errors were added quadratically. In Table I and in the tables that follow, the omitted uncertainty means that the expected error is smaller than the last significant digit specified.
It is instructive to compare our nonpertubative results with the ones obtained within the Zα-expansion approach. The Zα expansion of the SEVP correction reads
where the function G(Zα) is the higher-order remainder, G(0α) = a 60 . The results known for the coefficients of this expansion are: [14, 49, 50, 51, 52 ]: 
The higher-order remainder G(Zα) was inferred from our numerical results for the SEVP correction and plotted on 
B. Two-loop vacuum polarization
The two-loop VP correction is represented by the diagrams in Fig. 1(g)-(i) . (The term the "two-loop VP" will be abbreviated as "VPVP" in the following.) It will be convenient to split our evaluation of the VPVP correction into two parts, considering separately the diagram (g) and the remaining two diagrams (h) and (i).
Diagram (g)
The correction induced by the diagram in Fig. 1(g) can be regarded as the second-order perturbation contribution induced by the one-loop VP potential U VP ,
The numerical evaluation of this correction is relatively simple. It was carried out by employing the general scheme developed for the VP potential and described in Sec. I B. The summation over the Dirac spectrum was performed by the dual-kinetic-balance basis set method [53] .
The numerical values of the energy shifts induced by the diagram in Fig. 1(g ) are presented in Table II for the n = 1 and n = 2 states of H-like ions. The results are expressed in terms of the function F (Zα) defined by Eq. (21) . Good agreement is found with the previous evaluations of this corrections [20, 22] . Our calculation accounts for the extended nuclear charge distribution (with the Fermi model employed for the Uehling potential and the wave functions and the spherical shell model, for the Wichmann-Kroll potential). The uncertainties listed in the table include the numerical error as well as the estimated errors due to the models of the nuclear charge distribution and due to the uncertainties of the values of the rms radii. The estimation of errors was done similarly to that for the SEVP correction.
The higher-order part of the correction can be identified by taking into account its Zα expansion of the form
where [14, 49, 54 ]
and G(Zα) is the higher-order remainder, G(0α) = a 60 . The remainder G(Zα) inferred from our numerical results is plotted on Fig. 3 . The results for hydrogen are: G 1s (α) = −0.115, G 2s (α) = −0.059, |G 2p 1/2 (α)| < 10 −4 , and |G 2p 3/2 (α)| < 10 −4 . Fig. 1(g) , in units of F (Zα). The uncertainties specified include the estimated errors due to the nuclear charge distribution models and due to the rms radii. Fig. 1(g ).
Diagrams (h) and (i)
We now consider the energy shift induced by the diagrams in Fig. 1(h) and (i). Its leading (in Zα) part can be obtained within the free-loop approximation, i.e., keeping the first nonvanishing term in the expansion of the fermion loop in terms of the binding potential. The corresponding expression was derived long ago in the classical paper by Källén and Sabry [55] . Later, it was re-derived by a number of other techniques [56, 57, 58] . According to the Furry theorem, corrections to the Källén-Sabry potential are suppressed by a factor of (Zα) 2 , so that this potential is supposed to yield a dominant contribution even in the medium-Z region. In the present investigation, diagrams (h) and (i) will be approached within the free-loop approximation only. In order to stress this fact, we will use the superscript "KS" in the formulas below.
In the free-loop approximation, the correction induced by the diagrams in Fig. 1(h) and (i) is given by the expectation value of the Källén-Sabry potential,
For a spherically symmetric nuclear charge distribution, the Källén-Sabry potential can be conveniently written in the form [59] 
and the nuclear charge density is normalized by dr ρ(r) = 1 . The results of our numerical evaluation of the energy shift due to the Källén-Sabry potential are listed in Table III. The numerical values presented agree well with the results of the previous studies [18, 19] . Our calculation was carried out with employing the Fermi model for the nuclear charge distribution. The values for the rms radii and their uncertainties are listed in Table I . The uncertainties specified in Table III for 
where the function G(Zα) is the higher-order remainder.
The results for the first terms of the Zα expansion are [14, 49, 54, 60, 63] :
The higher-order remainder G(Zα) inferred from the Källén-Sabry contribution is plotted as a function of the nuclear charge number Z on Fig. 4 . For hydrogen, the results for the Källén-Sabry remainder term are: G 1s (α) = −2.642, G 2s (α) = −3.303, G 2p 1/2 (α) = −0.263, and G 2p 3/2 (α) = −0.073. Our numerical results for the higher-order remainder for the total VPVP correction exhibit good agreement with the analytical values obtained in Ref. [52] for the normalized difference of the 2s and 1s states and for the fine-structure difference. Indeed, for the VPVP remainder, our calculation yields: G 2s (α) − G 1s (α) = −0.605 A complete evaluation of the VPVP correction beyond the free-loop approximation is a difficult problem [especially, for diagram (i)] and has not been carried out up to now. For diagram (h), the calculation is easier and can be performed by a generalization of methods developed for the one-loop VP correction. For uranium and lead, such a calculation was reported in Ref. [23] . The numerical values obtained for this diagram for the contribution beyond the free-loop approximation turned out to be rather small; it is expected that the corresponding contribution from diagram (i) is much larger. In the absence of a direct calculation, we estimate the theoretical uncertainty of the VPVP correction due to the omitted part beyond the free-loop approximation by multiplying the absolute value of the Källén-Sabry contribution by a factor of (Zα) 2 .
C. Vacuum-polarization insertion into the self-energy photon line
In this section, we address the correction induced by the SE diagram with the VP insertion into the photon TABLE III: Energy shifts due to the Källén-Sabry potential, in units of F (Zα). The uncertainties specified include the estimated errors due to the nuclear charge distribution models and due to the rms radii. line, depicted by Fig. 1(k) . The corresponding shift of the energy will be referred to as the S(VP)E correction. The leading (in Zα) part of this correction can be again obtained within the free-loop approximation. Unlike the VPVP contribution, however, corrections to the free-loop approximation in this case are suppressed only by the first power of Zα. The leading term beyond this approximation is known from perturbative calculations [49, 64] . An all-order calculation of the S(VP)E correction beyond the free-loop approximation is a difficult problem and has not been performed so far. In the present investigation, we will approach the S(VP)E correction within the freeloop approximation only.
The evaluation of the S(VP)E correction within the free-loop approximation can be performed by a generalization of the method for the one-loop SE correction described in Section I A. The S(VP)E correction is represented by a sum of the zero-, one-, and many-potential terms:
SVPE,a , (40) where the subscript "a" indicates the free-loop approximation. Formulas for the three terms above can be obtained from the corresponding expressions in Section I A by replacing the standard photon propagator by the "dressed" one, obtained by inserting the renormalized one-loop VP tensor into the photon line. In D = 4 − 2ǫ dimensions, the replacement is given by [21, 65] 
where (42) where the free dressed SE operator Σ 
where Y = x(1 − ρ) + ρ and ρ = (m 2 − p 2 )/m 2 . The one-potential term is given by ∆E (1) SVPE,a = dp 1 (2π) 3 dp 2 (2π) 3 
where Γ 0 VP,R is the finite (when ǫ → 0) part of the time component of the dressed vertex operator Γ α VP , which is obtained from the one-loop vertex operator Γ α , Eq. (11), by the substitution (41) . Evaluating the momentum integrations, we obtain the following representation for the operator Γ
Using the Ward identity, it is easy to check that the divergent parts of Eqs. (45) and (43) (43) and (45) .
The numerical evaluation of the zero-and onepotential terms is similar to that for the one-loop SE correction but is more time consuming, due to the presence of additional integrations over Feynman parameters. In order to achieve high numerical accuracy for the onepotential term in the low-Z region, we had to identify the contribution of Eq. (45) at p 1 = p 2 and evaluate it separately. The subtraction of this contribution in Eq. (44) makes the integrand to be a smooth function at q = 0, which simplifies numerical integrations considerably.
The many-potential term is given by
This formula differs from the expression for the manypotential part of the one-loop SE correction only by the dressed photon propagator D µν V P , which reads
is the propagator of the photon with a mass λ, whose expression in the Feynman gauge is
It is easy to see that the numerical calculation of the many-potential term falls naturally into two steps: (i) the evaluation of the many-potential part of the one-loop SE correction with an effective photon mass λ = 2mt and (ii) the numerical integration over t as given by Eq. (47) . There is even a certain simplification as compared to the one-loop case. It is a common approach to deform the contour of the ω integration in Eq. (46), separating it into the low-energy and the high-energy part (see, e.g., Ref. [33] for details). In the case of the S(VP)E correction, the contribution induced by the low-energy part of the contour vanishes identically, which is due to the condition on the effective photon mass λ ≥ 2m.
The results of our numerical evaluation of the S(VP)E correction for the n = 1 and n = 2 states of H-like ions are presented in Table IV . Our numerical results are in good agreement with the data obtained previously for the 1s state [20, 21] and with the 2s and 2p 1/2 values for Z = 92 from Ref. [20] . Our calculation was performed within the free-loop approximation and for the point nuclear model. The uncertainty specified in the table is the numerical error only. We estimate the theoretical uncertainty due to uncalculated terms beyond the free-loop approximation by multiplying the absolute value of the correction by a factor of 3 (Zα). This factor arises as a ratio of the leading-order contribution beyond the free-loop approximation for the 1s state, −0.386 m(α/π) 2 (Zα) 5 [49] , and the leading-order contribution within this approximation, 0.142 m(α/π) 2 (Zα) 4 [60] . The inclusion of the finite nuclear size (FNS) effect is not necessary at present for the S(VP)E correction, since it is expected to yield a much smaller contribution than the error due to the free-loop approximation. The relative contribution of the FNS effect on the S(VP)E correction can be estimated by taking the relative values of this effect for the one-loop SE correction. To the leading orders in Zα and ln R, the relative value of the FNS-SE effect for the ns states is [61, 62] 
557 is the Euler constant, and R is the nuclear radius. Analogous formulas for the np 1/2 and np 3/2 states can be found in Ref. [62] . Numerical values of δ F N S are within 3% for the whole region of the nuclear charge numbers. The Zα expansion of the S(VP)E correction within the free-loop approximation reads
where the function G(Zα) is the higher-order remainder. The results for the first terms of the Zα expansion are [14, 49, 60, 63, 64] :
The higher-order remainder G(Zα) inferred from our numerical results is plotted in Fig. 5 . For hydrogen, our results are: G 1s (α) = 0.93 (6), G 2s (α) = 1.04 (5), G 2p 1/2 (α) = 0.02 (4), and G 2p 3/2 (α) = 0.01 (3) . These values are consistent with the Zα-expansion results for the normalized difference of the 2s and 1s states and for the fine-structure difference [52] : a 60 (2s) − a 60 (1s) = 0.109999 and a 60 (2p 3/2 ) − a 60 (2p 1/2 ) = −0.013435. For completeness, we specify also the result for the leading term of the Zα expansion known for the S(VP)E correction beyond the free-loop approximation [49, 64] , 
III. CONCLUSION
In the present investigation, we performed calculations of the part of the two-loop Lamb shift induced by the diagrams in Fig. 1(d)-(k) . Numerical results were obtained for the n = 1 and n = 2 states and for the whole region of the nuclear charge numbers Z = 1 − 100. The diagrams (d)-(g) were calculated rigorously to all orders in Zα, whereas for the diagrams (h)-(k), the fermion loops were approximated by their leading Zα-expansion contribution. An estimate was given for the higher-order terms thus omitted. The finite nuclear size effect was accounted for in the evaluations of all diagrams except for the diagram (k). The latter diagram was calculated with the point nuclear model; an estimate of the finite nuclear size effect was supplied.
In the low-Z region, our numerical results were employed for the identification of the nonperturbative remainder G(Zα), which incorporates all orders in the Zα-expansion starting with α 2 (Zα) 6 . For hydrogen, the net result for the two-loop diagrams with closed fermion loops is 
where the first error quoted is the numerical uncertainty. The second error (if given) is due to contributions beyond the free-loop approximation. We estimate them for the ns states as 1 [in units of G(Zα)] for the VPVP correction and as 2 for the S(VP)E diagram (which arises as a typical coefficient of 0.2 enhanced by the first power of logarithm). It is interesting to note that the dominant part of the remainder term for the ns states is due to the SEVP correction [ Fig. 1(d)-(f) ]. In order to get the complete results for the two-loop Lamb shift, one should combine the numerical values obtained in the present work with the contribution due to the two-loop self-energy [ Fig. 1(a)-(c) ]. Its all-order calculation was accomplished in our previous investigations, in Refs. [27, 28, 29, 30] for the 1s state and Z ≥ 10 and in Ref. [31] for the n = 2 states and Z ≥ 60. Combined together, our calculations yield results for the total twoloop QED correction, which improve the total theoretical accuracy of the 1s Lamb shift [27] and that of the 2p 1/2,3/2 − 2s transition energy in heavy Li-like ions [31] .
Still, the project of the calculation of the two-loop Lamb shift is far from being finished. There are several reasons for this. First, the results of the all-order calculation of the two-loop self-energy correction for the 1s state in the low-Z region [29] do not agree well with the Zα-expansion result of Ref. [16] . Second, the calculation [31] for the n = 2 states was performed in the high-Z region only. Third, a part of the two-loop diagrams with closed fermion loops is presently calculated within the free-loop approximation only. Each of these points represents a difficult problem and all of them should be solved before the calculation of the Lamb shift to order α 2 is completed. 
